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Locally rotationally symmetric (L.R.S.) Bianchi type V bulk viscous tilted stiff ﬂuid cosmological model is
investigated. To get the deterministic model of the universe, we have also assumed a condition A = Bn
between metric potentials A, B where n is the constant. The behaviour of the model in presence and
absence of bulk viscosity and singularities in the model are also discussed. In general, the models
represent accelerating, shearing, tilted and non-rotating universe. The models have point type singularity
in presence and absence of bulk viscosity both.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Stiff ﬂuid cosmological models create more interest in the study because for these models, the speed of light is equal to speed of
sound and its governing equations have the same characteristics as those of gravitational ﬁeld (Zel’dovich [1]). Barrow [2] has discussed
the relevance of stiff equation of state (ρ = p) to the matter content of the universe in the early state of evolution of universe. Wesson [3]
has investigated an exact solution of Einstein’s ﬁeld equation with stiff equation of state. Mohanty et al. [4] have investigated cylindrically
symmetric Zel’dovich ﬂuid distribution in General Relativity. Götz [5] obtained a plane symmetric solution of Einstein’s ﬁeld equation for
stiff perfect ﬂuid distribution. Bali and Tyagi [6] have investigated Bianchi type I magnetized stiff ﬂuid cosmological model in General
Relativity. The distribution of matter can be satisfactorily described by perfect ﬂuid due to the large scale distribution of galaxies in
our universe. However, the consideration of material distribution other than the perfect ﬂuid requires for realistic treatment. A different
picture at the initial stage of cosmological evolution may appear due to dissipative process caused by viscosity as viscosity counteracts
the cosmological collapse. The observed physical phenomena such as the remarkable degree of isotropy of cosmic background radiation,
suggests dissipative analysis in cosmology.
In the early stages of cosmic expansion, it has been argued for a long time that the dissipative process may well account for the
high degree of isotropy we observe today. Dissipative effects including both bulk and shear viscosities, play a very signiﬁcant role in the
early evolution of the universe. Bulk viscosity is associated with GUT (Grand Uniﬁed Theory) phase transition and string creation. Another
peculiar characteristic of bulk viscosity is that it acts like a negative energy ﬁeld in an expanding universe (Johri and Sudarshan [7]).
Padmanabhan and Chitre [8] have investigated that presence of bulk viscosity leads to inﬂationary like solutions in general relativity. The
effect of bulk viscosity on the cosmological evolution has been investigated by number of authors viz. Misner [9,10], Heller and Klimek [11],
Belinski and Khalatnikov [12], Roy and Prakash [13,14], Banerjee and Santos [15], Banerjee et al. [16], Mohanty and Pattanaik [17], Bali and
Jain [18,19], Saha [20], Pradhan and Pandey [21], Sahni and Starobinsky [22], Padmanabhan [23], Bali and Pradhan [24].
The tilted cosmological models in which the ﬂuid ﬂow vector is not normal to the hypersurface of homogeneity are more complicated
to those of non-tilted one. The general dynamics of tilted models have been studied by King and Ellis [25], Ellis and King [26], Collins and
Ellis [27]. Bradley and Sviestins [28] have investigated that heat ﬂow is expected for tilted models. The tilted models with heat ﬂow have
been studied by many authors like Ray [29], Roy and Banerjee [30], Coley and Tupper [31], Bali and Sharma [32].
Bianchi type V cosmological models are the natural generalization of FRW (Friedmann–Robertson–Walker) models with negative cur-
vature. These open models are favoured by the available evidences for low density universes. Gott et al. [33], Roy and Singh [34] have
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R. Bali, P. Kumawat / Physics Letters B 665 (2008) 332–337 333investigated Bianchi type V cosmological models for stiff ﬂuid with electromagnetic ﬁeld. Exact tilted solutions for Bianchi type V space–
time have been obtained by Hawking [35]. Lorentz [36] investigated L.R.S. Bianchi type V tilted models with stiff ﬂuid and electromagnetic
ﬁeld. Tilted Bianchi type V imperfect ﬂuid cosmological models are also investigated by Banerjee and Sanyal [37], Coley [38], Nayak and
Shahoo [39], Bali and Meena [40], Pradhan and Rai [41], Coley and Hervik [42], Bradley and Erikson [43] in different contexts. Recently
Christodoulakis et al. [44] have discussed the decoupling of the general scalar ﬁeld mode and the solution space for Bianchi types I and V
cosmologies coupled to perfect ﬂuid sources.
In this Letter, we have investigated L.R.S. (Locally Rotationally Symmetric) bulk viscous Bianchi type V tilted stiff ﬂuid cosmological
model in General Relativity. To get the deterministic model of the universe, we have also assumed a supplementary condition A = (B)n
between metric potentials A, B where n is the constant. The general tilted solution in terms of cosmic time t is not possible for general
value of n. However, if we assume n = 2 then the tilted solution in terms of cosmic time t in presence of bulk viscosity is possible
and investigated. The physical aspects of the models in the presence and absence of bulk viscosity and singularities in the models are
discussed. The role of bulk viscosity regarding its physical implications has been discussed in the text and discussion both.
We consider L.R.S. Bianchi type V metric in the form
ds2 = −dt2 + A2 dx2 + B2e2x(dy2 + dz2), (1)
where A, B are functions of t-alone.
The energy–momentum tensor is given by Ellis [45] and Landau and Lifshitz [46] as
T ji = (ε + p)vi v j + pg ji + qi v j + viq j − ζθ
(
g ji + vi v j
)
, (2)
together with
gij v
i v j = −1, (3)
qiq
i > 0, (4)
qi v
i = 0, (5)
where p is the isotropic pressure,  the matter density and qi the heat conduction vector orthogonal to vi . The ﬂuid ﬂow vector vi has
the components ( sinhλA ,0,0, coshλ), v
i satisﬁes (3) and λ is the tilt angle.
The Einstein’s ﬁeld equation
R ji −
R
2
g ji = −8π T ji , (6)
in the geometrized unit where c = 1, G = 1, for the line-element (1) leads to
2B44
B
+ B
2
4
B2
− 1
A2
= −8π
[
( + p) sinh2 λ + p + 2q1 sinhλ
A
− K cosh2 λ
]
, (7)
A44
A
+ B44
B
+ A4B4
AB
− 1
A2
= −8π(p − K ), (8)
2A4B4
AB
+ B
2
4
B2
− 3
A2
= −8π
[
−( + p) cosh2 λ + p − 2q1 sinhλ
A
+ K sinh2 λ
]
, (9)
2A4
A
− 2B4
B
= −8π
[
(ε + p)A sinhλ coshλ + q1 coshλ + q1 sinh
2 λ
coshλ
− K A sinhλ coshλ
]
, (10)
where
ζθ = K (11)
and the subscript ‘4’ denotes the differentiation with respect to ‘t ’.
2. Solution of ﬁeld equations
Eqs. (7)–(10) are four equations in six unknowns A, B ,  , p, λ and q1. For the complete determination of these quantities, we assume
two conditions:
(i) The universe is ﬁlled with stiff ﬂuid distribution which leads to
p = , (12)
where p is the isotropic pressure and  the matter density.
(ii) A condition between metric potentials A and B as
A = Bn, (13)
where n is the constant.
Eqs. (7) and (9) lead to
2B44 + 2A4B4 + 2B
2
4
2
− 4
2
= 8π [ − p + K ]. (14)
B AB B A
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2B44
B
+ 2A4B4
AB
+ 2B
2
4
B2
− 4
A2
= 8π K . (15)
Eq. (13) leads to
A4
A
= n B4
B
. (16)
From Eq. (15), we have
2B44 + 2(n + 1)
B
B24 −
4
B2n−1
= 8π K B. (17)
We assume that
B4 = f (B). (18)
Thus
B44 = f f i, (19)
where
f ′ = df
dB
.
Therefore, Eq. (17) leads to
df 2
dB
+ 2(n + 1)
B
f 2 = 4
B2n−1
+ 8π K B. (20)
From Eq. (18), we have
B(n+1) dB√
B4 + 4π K
(n+2) B2(n+2) + N
= dt, (21)
where N is constant of integration. The general tilted solution in terms of cosmic time t involving N is not possible. However the
deterministic solution in terms of cosmic time t for n = 2 involving N is possible. Thus Eq. (21) for n = 2 leads to
B3 dB√
B4 +π K (B4)2 + N = dt, (22)
which leads to
B4 =
{
a sinh(4
√
π Kt) − 1
2π K
}
, (23)
where
a =
√
(4Nπ K − 1)
2π K
and
A = B2 =
{
a sinh(4
√
π Kt) − 1
2π K
}1/2
. (24)
Therefore, the metric (1) takes the form
dS2 = −dt2 +
{
a sinh(4
√
π Kt) − 1
2π K
}
dx2 +
{
a sinh(4
√
π Kt) − 1
2π K
}1/2
e2x
(
dy2 + dz2). (25)
Using the transformations
{
a sinh(4
√
π Kt) − 1
2π K
}
= α sin
√
Kτ√
K
(26)
and
(4Nπ K − 1) = K (27)
the metric (25) in the absence of bulk. Viscosity reduces to the form
dS2 = −α
2π
4
dτ 2 + τ dX2 + √τe 2X√α (dY 2 + dZ2) (28)
where  is the constant.
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The isotropic pressure (p), the matter density (), the expansion (θ ), tanhλ, v1, v4, q1, q4, σ11, σ14, σ22, σ33, σ44 are given by
8π p = [(4a
2π K + 32π K ) − a sinh(4
√
π Kt) + a2π K cosh2(4√π Kt)]
{a sinh(4√π Kt) − 12π K }2
= 8π, (29)
tanhλ = a
√
π K cosh(4
√
π Kt){a sinh(4√π Kt) − 12π K }1/2
[3a2π K cosh2(4√π Kt) − 4a sinh(4√π Kt) − 2π K {a sinh(4√π Kt) − 12π K }2 − 8a2π K ]
. (30)
The expression for expansion (θ ) is given by
θ = ∂
∂t
coshλ + coshλ
(
A4
A
+ 2B4
B
)
+ 2sinhλ
A
,
which leads to
θ = 2{a sinh(4√π Kt) − 12π K }1/2
tanhλ√
1− tanh2 λ
+ 4a
√
π K cosh(4
√
π Kt)
{a sinh(4√π Kt) − 12π K }
1√
1− tanh2 λ
+ tanhλ
(1− tanh2 λ)3/2
∂
∂t
tanhλ, (31)
where tanhλ is given by (30)
v1 = tanhλ√
1− tanh2 λ
1
{a sinh(4√π Kt) − 12π K }1/2
, (32)
v4 = 1√
1− tanh2 λ
, (33)
σ11 = 2
3
a
√
π K cosh(4
√
π Kt)
(1− tanh2 λ)3/2 −
2
3
{
a sinh(4
√
π Kt) − 1
2π K
}1/2 tanhλ
(1− tanh2 λ)3/2
+ 2
3
{
a sinh(4
√
π Kt) − 1
2π K
}
tanhλ
(1− tanh2 λ)5/2
∂
∂t
tanhλ, (34)
σ14 = 2
3
tanhλ
(1− tanh2 λ)3/2 −
2
3
a
√
π K cosh(4
√
π Kt)
{a sinh(4√π Kt) − 12π K }1/2
tanhλ
(1− tanh2 λ)3/2
− 2
3
{
a sinh(4
√
π Kt) − 1
2π K
}1/2 tanh2 λ
(1− tanh2 λ)5/2
∂
∂t
tanhλ. (35)
The trace free condition for σi j is given by
σi j v
j = 0.
This leads to
σ11v
1 + σ14v4 = 0, (36)
which is satisﬁed for given values of σ11, σ14, v1 and v4.
The components of rotation tensor ωi j are given by
ω11 = 0, ω14 = 0. (37)
Thus trace free condition ωi j v j = 0 for ωi j is also satisﬁed.
σ22 = e
2x
3(1− tanh2 λ)3/2
[(
1− tanh2 λ) tanhλ − (1− tanh2 λ) a
√
π K cosh(4
√
π Kt)
{a sinh(4√π Kt) − 12π K }1/2
−
{
a sinh(4
√
π Kt) − 1
2π K
}1/2
tanhλ
∂
∂t
tanhλ
]
= σ33, (38)
σ44 = 2
3
a
√
π K cosh(4
√
π Kt)
{a sinh(4√π Kt) − 12π K }
tanh2 λ
(1− tanh2 λ)3/2
− 2
3{a sinh(4√π Kt) − 12π K }1/2
tanh3 λ
(1− tanh2 λ)3/2 +
2
3
tanh3 λ
(1− tanh2 λ)5/2
∂
∂t
tanhλ, (39)
q1 = [{6a
2π K cosh2(4
√
π Kt) − 6a sinh(4√π Kt) − 16a2π K − 1π K } tanhλ
8π{a sinh(4√πkt) − 12π K }5/2(1− tanh2 λ)3/2
− 2a
√
π K cosh(4
√
π Kt){a sinh(4√π Kt) − 12π K }1/2(1− tanh2 λ)]
8π{a sinh(4√πkt) − 1 }5/2(1− tanh2 λ)3/2 , (40)2π K
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2π K cosh2(4
√
π Kt) − 6a sinh(4√π Kt) − 16a2π K − 1π K } tanhλ
8π{a sinh(4√πkt) − 12π K }2(1− tanh2 λ)3/2
− 2a
√
π K cosh(4
√
π Kt){a sinh(4√π Kt) − 12π K }1/2(1− tanh2 λ)] tanhλ
8π{a sinh(4√πkt) − 12π K }2(1− tanh2 λ)3/2
. (41)
Deceleration parameter (q) is given by
q = −[2aπ K cosh
2(4
√
π Kt) − 3sinh(4√π Kt) − 6aπ K ]
2aπ K cosh2(4
√
π Kt)
. (42)
In absence of viscosity, the above mentioned quantities lead to
p =  = 7(/π) + 16N − 4ατ
32π(ατ)2
, (43)
coshλ = (
3
π − 32N − 16ατ)
{( 3π − 32N − 16ατ)2 − 4π ατ }1/2
, (44)
sinhλ = 2
√
(/π)
√
ατ
{( 3π − 32N − 16ατ)2 − 4π ατ }1/2
, (45)
θ = 2
√
(/π)[{3 π − 32N − 16ατ 2 − 4π ατ }( 3π − 32N − 14ατ) + 2π ατ ( 3π − 32N + 16ατ)]
(ατ ){( 3π − 32N − 16ατ)2 − 4 π ατ }3/2
, (46)
v1 = 2
√
(/π)
{( 3π − 32N − 16ατ)2 − 4π ατ }1/2
, (47)
v4 = (
3
π − 32N − 16ατ)
{( 3π − 32N − 16ατ))2 − 4π ατ }1/2
, (48)
σ11 =
√
(/π)( 3π − 32N − 16ατ)2[{( 3π − 32N − 16ατ)2 − 4π ατ }( 3π − 32N − 20ατ) + 8π ατ ( 3π − 32N + 16ατ)]
3{( 3π − 32N − 16ατ)2 − 4π ατ }5/2
, (49)
σ14 =
−2(/π)( 3π − 32N − 16ατ)2[{( 3π − 32N − 16ατ)2 − 4π ατ }( 3π − 32N − 20ατ) + 8π ατ ( 3π − 32N + 16ατ)]
3{( 3π − 32N − 16ατ)2 − 4π ατ }5/2
. (50)
Thus
σ11v
1 + σ14v4 = 0. (51)
Similarly
ω11v
1 +ω14v4 = 0, (52)
q1 =
√
/π( 3π − 32N − 16ατ){2( 3π − 32N − 16ατ)(2ατ − π ) + 4π ατ }
8π(ατ)2{( 3π − 32N − 16ατ)2 − 4π ατ }3/2
, (53)
q4 = {2(
3
π − 32N − 16ατ)(2ατ − π ) + 4π ατ }
4π2(ατ ){( 3π − 32N − 16ατ)2 − 4π ατ }3/2
. (54)
The deceleration parameter (q) is given by
q = −
[
1− 6π

(ατ + 2N)
]
. (55)
4. Discussion and conclusion
In presence of bulk viscosity, the matter density  → ∞ when
sinh(4
√
π Kt) = 1
2π Ka
.
When t → 0 then the matter density
 → 1
4
(
10a2π2K 3 + 3K ).
We ﬁnd that the presence of bulk viscosity is to increase the value of matter density and to decrease the spatial volume.
The tilt angle λ = 0 when sinh(4√π Kt) = 12π Ka . The ﬂuid velocity component v1 = 0, v4 = 1 when tanhλ = 0.
The deceleration parameter q < 0 when[
2aπ K cosh2(4
√
π Kt) − 3sinh(4√π Kt) − 6aπ K ]> 0.
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2πaK cosh2(4
√
π Kt) − 3sinh(4√π Kt) − 16πaK ]< 0
and in this case, the model represents a decelerating universe. The model (25) in presence of bulk viscosity has Point Type Singularity
when
sinh(4
√
π Kt) = 1
2π Ka
(MacCallum [47]).
In absence of bulk viscosity, the matter density  → ∞ when τ → 0. The tilt angle λ → 0 when τ → 316απ − 2Nα . The model (28) in
absence of bulk viscosity starts with a big-bang at τ = 0 and the expansion in the model decreases as time increases. The deceleration pa-
rameter q < 0 when τ < 6πα − 2Nα , thus it represents an accelerating universe. q > 0 when τ > 6πα − 2Nα , thus it represents a decelerating
universe during this time. The model (28) has Point Type Singularity at τ = 0 (MacCallum [47]).
In general the model (25) in presence and absence of bulk viscosity represents an accelerating tilted, shearing and non-rotating uni-
verse. The ﬂuid velocity vi satisﬁes gij vi v j = −1 and trace free conditions σi j v j = 0 and ωi j v j = 0 are satisﬁed. The models in presence
and absence of bulk viscosity has Point Type Singularity.
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